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Abstract
The purpose of this note is to give a simple proof for a necessary and sufficient condition for visibility
paths in simple polygons. A visibility path is a curve such that every point in the simple polygon is
visible from at least one point of the path. This result is required for the shortest watchman route
problem specially when the route is restricted to curved paths.
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1. Preliminaries
Let P be a simple polygon and let ∂P denote the boundary of P . Assume that the vertices of
P are sorted in clockwise order. A point x is visible from point y inside P , if the open line segment
connecting x and y is totally in the interior of P . Without loss of generality, assume that the whole
polygon P is not visible from any interior point, i.e., P is not a star-shaped polygon. A vertex of P is
reflex or convex depending on whether its internal angle is strictly larger than pi or not, respectively.
Let v be a reflex vertex, u the vertex adjacent to v, and w be the closest point to v on ∂P hit by
the half line originating at v along uv. Then, we call the line segment C = vw a cut of P generated
by uv. Each reflex vertex gives rise to two cuts. Since C partitions the polygon into two portions, we
define Pocket(C) to be the portion of P that includes u (uv is the generator of Pocket(C = vw)). We
also associate a direction to each cut and this direction is such that, if C is a cut, then Pocket(C) lies
entirely to the right of C (right hand rule). This direction is compatible with the clockwise ordering
of vertices of P .
If C and C ′ are two cuts such that Pocket(C) is contained entirely within Pocket(C ′), then C ′ is
called redundant, otherwise it is nonredundant [2]. The nonredundant cuts are termed the essential
cuts in [4]. One of the best-known algorithms for computing the set of essential cuts was presented by
Tan in linear time [4]. We will be working mainly with nonredundant cuts of P (see Figure 1).
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Figure 1: Red arrows are the nonredundant cuts
A visibility path Π for a given P is a connected path (possibly curved) contained in P with the
property that any point in P is visible from at least one point on Π. For instance, any watchman
path (route) is a polygonal visibility path [1]. The aim of this note is to provide a simple proof for a
necessary and sufficient condition for visibility paths. Indeed, this characterization can be used for the
curved watchman route. For example, a piece-wise route consisting of conic sections.
2. Main result
In this section, we prove the following theorem1 (remember that as a continuous image of [0,1], a
curved path is connected):
Theorem 2.1. Let Π be a curved path in a simple polygon P . Then, Π is a visibility path for P , iff
it intersects Pocket(C) for every nonredundant cut C in P .
Proof. It is clear that any visibility path Π must intersect Pocket(C) for every C, since otherwise, the
edge of P collinear to C (each corner of P ) will not be seen by Π. We must prove that this is indeed
also a sufficient condition in the rest of this section.
Lemma 2.1. If a curved path Π in P sees all of ∂P , then it sees all of P .
Proof. Let X be an interior point of P not seen by Π. We show that there must be some boundary
point that is also not seen by Π. Consider the shortest path from X to Π and let L be the first segment
of this path. It connects X with a reflex vertex V on ∂P . Extend L away from V to X until it hits
∂P at X ′. The point X ′ is clearly not seen by Π since if it were, then X would also be seen by Π.
1Although, this theorem is essential in the shortest watchman route problem, to the best of our knowledge it has not
been previously proved.
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Figure 2: Pocket(C) and its funnel for vertex x, and a connected conic path
Assume that a curved path Π intersects Pocket(C) for every C. The proof is completed as follows:
Firstly, we show that all vertices of Pocket(C) must be visible from Π for a given C. Let vC and
wC be the endpoints of C, and uCvC be the generator of Pocket(C). We show that C is (at least
partially) visible from any vertex x of Pocket(C). Consider the shortest paths from x to vC and x to
wC . These paths create a funnel Fx with apex ax (see Figure 2) [3].
If x is not visible from any point of C, then ax 6= x. In this case, ax is a reflex vertex of Pocket(C).
Let bx be the adjacent vertex of ax such that ax is the common apex between Fx and Fbx (if such bx
does not exist, then we define bx = x). Since each of the funnel paths is inward convex, bxax would
be the generator of Pocket(C ′) for the cut C ′, generated by bxax such that Pocket(C ′) entirely lies in
Pocket(C). Thus, C would be redundant, which is a contradiction. A similar argument proves that
uC and wC must be convex in Pocket(C), and all vertices of Pocket(C) lie on the same side of uCwC .
Consider the funnel Fx with apex ax = x. Let Lx ∈ Fx be the first vertex of the shortest path
from x to vC and Rx ∈ Fx be the first vertex of the shortest path from x to wC . Assume that the
extensions of xLx and xRx intersect C at points ILx and IRx , respectively (if ILx coincides with IRx ,
then x, Lx and Rx are collinear, and ax 6= x). Also, suppose that L′x is adjacent to Lx such that Lx
is the first vertex of the shortest path from L′x to vC (L
′
x can coincide with x). Let CLx be the cut
generated by L′xLx. Similarly, CRx is defined (see Figure 2).
It is easy to see that CLx (CRx) always lies to the right (left) of LxILx (RxIRx) or it coincides with
LxILx (RxIRx), i.e., CLx and CRx intersect ILxwC and IRxvC , respectively. With this property the
following cases can occur:
a) Π intersects ILxIRx on C. Clearly, x would be visible from Π.
b) Π intersects vCILx on C. We show that Π must have an intersection with CLx and consequently
with the extension of xLx. Thus, x is visible from Π.
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Figure 3: The degenerate cases for nonredundant cut C and vertices A, A′ and A′′
c) Π intersects IRxwC on C. We show that Π must have an intersection with CRx and consequently
with the extension of xRx. Thus, x is visible from Π.
In the case (b), if CLx is nonredundant, then Π must intersect it. Otherwise, Pocket(CLx) contains
at least one Pocket(C ′) for a nonredundant cut C ′ and Π must go towards C ′. Therefore, Π intersects
CLx (note that P is a simple polygon). The same result can be proved for the cut CRx in the case (c).
For the degenerate cases, i.e., if x is visible from vC or wC , then we define ILx = Lx = vC or
IRx = Rx = wC , respectively, only (a) or (a or b) or (a or c) can occur. In these cases, we have at
most one cut and a similar argument shows that x is visible from Π (see Figure 3).
Secondly, we show that all vertices of Q must be visible from Π, where Q is the subpolygon of
P after cutting P along each C. This is always possible, since all vertices of Pocket(C) lie on the
same side of C (if such cutting leads to the empty set, the proof is completed). Clearly, Q is a simple
polygon and for every cut C ′ of Q, Pocket(C ′) contains at least one Pocket(C) for some C, i.e., all
cuts of Q are redundant in P . If all vertices of Q are convex, they are visible from Π. Thus, we
suppose that Q has at least one reflex vertex vi. Consider the two cuts li1 and li2 generated by ti1vi
and ti2vi, respectively (ti1 and ti2 are the adjacent vertices of vi). Since Q is a simple polygon and Π
is connected, it is sufficient to show that Π intersects lij (j = 1 or 2), or ti1 and ti2 are visible from Π
for all index i of the reflex vertices of Q.
Let SP be the set of Pocket(C) for every C. Also, we define SP (lij) as the set of Pk ∈ SP such
that Pk entirely lies in Pocket(lij), i.e., Pk ⊂ Pocket(lij) (k = 1, ..., |SP | and j = 1, 2). For example,
in Figure 4, SP = {P1, P2, P3, P4, P5, P6}, while SP (lq1) = {P1, P2, P3}, SP (lq2) = {P2, P3, P4, P5, P6}
and SP (lr1) = {P1, P2, P3, P4, P6}, SP (lr2) = {P5} for the reflex vertices vq and vr, respectively.
If SP (lij) = SP , then we show that tij must be visible from Π. Suppose that tij is not visible from
Π. Consider the shortest path from tij to Π. Let Zj be the first vertex of this path. Clearly, Zj would
be a reflex vertex of Q. We extend tijZj away from tij to Zj until it hits ∂P at Z
′
j . The line segment
ZjZ ′j divides P into two subpolygons, only one of which contains tij . We define p as the subpolygon
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Figure 4: Cutting P along nonredundant cuts yields Q
containing tij . Let Yj be the adjacent vertex of Zj in p (Yj ∈ Q can coincide with tij). It is easy to
see that there is no Pk ∈ SP such that Pk entirely lies in p, since otherwise, Π intersects ZjZ ′j . Let
C ′ be the cut of Q generated by YjZj . Clearly, Pocket(C ′) ⊆ p. Thus, C ′ would be nonredundant,
contradicting that all cuts of Q are redundant in P .
Otherwise, SP (lij) ⊂ SP . Since li1 and li2 are redundant cuts in P , there are {Pm, Pn} ∈ SP such
that Pm ∈ SP (li1) and Pn ∈ SP (li2) (Pm and Pn might be equal or not). Suppose that lij does not
intersect any nonredundant cuts of P . Therefore, there is a Po ∈ (SP − SP (lij)), and the portion of Π
that connects Pm to Po or Pn to Po must intersect lij (Pm 6= Po and Pn 6= Po).
Now, suppose that lij intersects some C. In this case, x = tij and we have the funnel Ftij on the
other side of C. Since tij is visible from C, the same result as the first part can be proved and tij is
visible from Π. For example, in Figure 4, there is the funnel Ftr2 outside P4.
Therefore, all of ∂P is visible from Π and according to Lemma 2.1, Π would be a visibility path.
This completes the proof.
3. Future work
For the future work, it is interesting to us, find a necessary and sufficient condition for the other
visibility models, like conic visibility in simple polygons. This is the generalization of the straight
line visibility. The anticipated result provides important applications in various areas such as: the
hidden surface removal problem in CAD/CAM, the robot motion planning, and related computational
geometry applications.
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